We describe a relationship between the representation theory of the Thompson sporadic group and a weakly holomorphic modular form of weight onehalf that appears in work of Borcherds and Zagier on Borcherds products and traces of singular moduli. We conjecture the existence of an infinite dimensional graded module for the Thompson group and provide evidence for our conjecture by constructing McKay-Thompson series for each conjugacy class of the Thompson group that coincide with weight one-half modular forms of higher level. We also observe a discriminant property in this moonshine for the Thompson group that is closely related to the discriminant property conjectured to exist in Umbral Moonshine.
Introduction
There appear to be two distinct types of moonshine phenomena in mathematics: Monstrous moonshine involving the modular function J(τ ) = q −1 + 196884q + 21493760q 2 + · · · (1.1) and the representation theory of the largest sporadic group, the Monster group (M) [1, 2, 3] ; and Umbral Moonshine [4, 5] which involves a set of vector-valued mock modular forms H X (τ ), labelled by ADE root systems X with common Coxeter numbers and total rank 24, which exhibit moonshine for finite groups G X = Aut(L X )/W (X) where Aut(L X ) is the automorphism group of the Niemeier lattice determined by X and W (X) is the Weyl group of X. Umbral Moonshine extends and generalizes Mathieu moonshine connecting the weight one-half mock modular form H (2) (τ ) = 2q −1/8 −1 + 45q + 231q
the Mathieu group M 24 = G X for X = A 24 1 and the elliptic genus of K3 surfaces first observed in [6] and studied extensively since then including complete computations of the McKay-Thompson series [7, 8, 9, 10] . Monstrous moonshine is now best understood in terms of a central charge c = 24 holomorphic conformal field theory (CFT) or vertex operator algebra (VOA), see [12] for details, and there are related constructions exhibiting moonshine for the Baby Monster group [13] and the Conway group [14] also based on CFT constructions. While the existence of the modules predicted by Umbral Moonshine has now been proved [15, 16] and there exists an explicit construction of the modules for the case X = E 3 8 [17] , it seems fair to say that much remains to be done to explicate the relationship between Umbral Moonshine and CFT/VOA structures.
There are hints of connections between these two types of moonshine. For example the ADE root system X was used to define a set of weight zero modular functions in [5] and these are also hauptmoduls that appear as McKay-Thompson series in Monstrous Moonshine, thus giving a correspondence between cases of Umbral Moonshine and conjugacy classes of the Monster group. Further hints in this direction come from recent work relating dimensions of representations appearing in Umbral Moonshine when X is a pure A-type root system to values of the McKay-Thompson series of Monstrous Moonshine [18] .
One of the elements present in Umbral Moonshine that seems to have no analog in Monstrous Moonshine is the discriminant property, which relates the number fields on which the irreducible representations of G X are defined, and the discriminants of the vector-valued mock modular form H X [4, 5] .
In this paper we provide evidence for a moonshine phenomenon that shares certain features with both Monstrous moonshine and Umbral Moonshine, including a discriminant property similar to one observed in Umbral Moonshine, but involving 1) modular rather than mock modular forms, and 2) the Thompson sporadic group, a group much larger than any of the groups of Umbral Moonshine and one with a natural connection to the Monster.
To introduce the elements playing a role in our analysis we recall some of the results from Zagier's work [19] on weakly holomorphic modular forms, Borcherds products and traces of singular moduli. Define the Jacobi theta function
with q = e 2πiτ , which is holomorphic in the upper half plane h, lives in the "Kohnen plus-space" of functions with a Fourier expansion at infinity of the form c(n)q n with c(n) = 0 unless n ≡ 0, 1 modulo 4, and transforms with a well known multiplier system under the congruence subgroup Γ 0 (4). Let M ! 1/2 be the space of functions transforming like θ under Γ 0 (4) and also live in the Kohnen plus-space, but are allowed to be meromorphic at the cusps. In [19] a special basis of M [θ(τ ), E 10 (4τ )] 1 ∆(4τ ) + 608 θ(τ ) (1.5) where E 10 is the weight ten Eisenstein series and ∆ is the weight twelve cusp form. Equation (1.5) involves the first Rankin-Cohen bracket which is defined for two modular forms f, g of weight k, l respectively as . An effective algorithm for computing the remaining f d is given in [19] , but will not be needed in what follows. Explicit computation gives the Fourier expansion f 3 (τ ) = q −3 − 248q + 26752q 4 There is a well understood connection between f 3 and the Thompson group arising from the following facts. According to the generalized moonshine conjecture of Norton [21] , for each pair of commuting elements (g, h) in M there exists a generalized character Z(g, h, τ ) such that Z(1, h, τ ) are the McKay-Thompson series
for some constant ψ with a b c d ∈ SL(2, Z), and such that the coefficients of the q-expansion of Z(g, h, τ ) for fixed g form characters of a graded representation of a central extension of the centralizer of g in M. According to [11] the characters Z(g, h, τ ) have an interpretation as traces over representations of the centralizers of g acting in a Hilbert space twisted by g, that is a twisted module of the Monster vertex operator algebra V ♮ .
In particular, the character Z(g, 1, τ ) for g in the 3C class of M is the Borcherds lift [20] of f 3 :
As a result the Thompson group has a natural action on the 3C-twisted module of the Monster module V ♮ , see [22] for further details. Note however that the lift involves only the coefficients A(n, 3) with n a perfect square, and thus this connection does not provide an explanation for why the coefficients of non-square powers of q in f 3 also exhibit a connection with the Thompson group.
The Thompson moonshine structure, as well as a closer similarity to elements of Umbral moonshine, is brought out by considering instead of f 3 the function
which is also an element of M ! 1/2 . The coefficients c(m) are given in Table 1 for −3 ≤ m ≤ 33. We then observe using the character table for the Thompson group  provided in Tables 8-11 that each coefficient c(m) for m ≤ 12 can be interpreted, up to sign, as the dimension of either a single real irreducible representation (with k c(4k) c(4k + 1) 
c(k)
Decomposition multiplicity) or a representation of the form V ⊕ V where V is an irreducible representation and V is the conjugate representation. The coefficients of higher powers of q have more complicated decompositions into irreducible representations with positive integer coefficients which will be determined later and can be found tabulated in Tables 12 and 13 .
To be more specific, label the irreducible representations of Th as d i V i , i = 1, . . . , 48 with d i the dimension of the irreducible representation, a list of which can be inferred from the character table of the Thompson group provided in Tables 8-11 , and abbreviate this at times to V i . The Fourier coefficients of F 3 up to q 12 then imply the relationship to the irreducible representations of Th summarized in Table 2 .
As usual in the study of moonshine, this observation suggests that there exists an infinite dimensional Z-graded module for the Thompson group
where we demand that the module be compatible with the Fourier coefficients of F 3 in the sense that |c(m)| = dimW m .
It is natural to associate the alternating signs exhibited by the coefficients c(m) to a superspace structure. A superspace is a Z/2Z graded vector space
with V (0) , V (1) the even and odd elements of V respectively. The supertrace of a linear operator L on V that preserves the Z/2Z grading is then defined to be str The outline of the rest of the paper is as follows. In the second section we recall results relating traces of singular moduli to coefficients of weakly holomorphic modular forms and more generally to the coefficients of Maass-Poincaré series and Rademacher series, both at level 1 and at level N following [19, 23, 25, 26] . The third section provides evidence for the modularity of the McKay-Thompson series by comparing their q-expansions to those of weakly holomorphic weight one-half modular forms at level N. We construct the required modular forms using both traces of singular moduli and coefficients of Rademacher series twisted by multiplier systems similar to those appearing in [4, 5] . In the fourth section we discuss a discriminant property that relates the discriminant of the quadratic forms that appear in the computation of the coefficients of F 3 in terms of traces of singular moduli to the fields over which the representations of Th attached to these coefficients are defined. We compare and contrast this discriminant property with the discriminant property observed in Umbral moonshine in [4, 5] . An appendix deals with details of the expressions for coefficients of the weight one-half weakly holomorphic forms appearing here in terms of the computation of traces of singular moduli at level N.
Traces of singular moduli and coefficients of Poincaré series
Here we recall results of Zagier [19] that express the coefficients c(m) as traces of singular moduli and results of Bringmann and Ono [23] derived from a study of MaassPoincaré series that give explicit expressions for the c(m) in terms of Kloosterman sums. We then extend these results to level N following [25, 26] .
Notation and preliminaries
In what follows we often use the notation e(x) = e 2πix and we write q = e(τ ) with τ in the upper half plane, τ ∈ h. We define the group Γ 0 (n) to be the set of elements
and also let m n denote the Kronecker symbol.
For w ∈ R and Γ a subgroup of SL(2, R) containing ±I and commensurable with SL(2, Z) we call a function ψ : Γ → C a multiplier system for Γ with weight w if
We will deal almost exclusively with multiplier systems which depend only on the bottom row of matrices in Γ and will thus take the liberty of abusing notation slightly by setting
There is the standard (ψ, w)-action of Γ on holomorphic functions f : h → C on the upper-half plane given by
which allows us to define a weakly holomorphic modular form of weight w and multiplier system ψ over Γ as a function f which is invariant under this action and holomorphic in the interior of h, but is allowed to be meromorphic at the cusps. We will typically restrict ourselves to w = 1/2, Γ = Γ 0 (4N) and refer to the multiplier system associated with θ as
where
We use the symbol χ both for genus characters of quadratic forms and for the characters of the Thompson group, but the context should clear up any possible ambiguity.
Weakly holomorphic weight one-half modular forms at level one
First we describe the relation of the coefficients A(n, 3) appearing in equation (1.4) for d = 3 to traces of singular moduli following [19] . Let
be the normalized hauptmodul for SL(2, Z), let d be a positive integer with d ≡ 0, 3 mod 4 and denote by Q d the set of positive definite binary quadratic forms
We can define an action of the full modular group SL(2, Z) on quadratic forms in the usual way
for γ = p q r s ∈ SL(2, Z) and call two quadratic forms Γ-equivalent if they are equivalent under the group action Γ inherits from the full modular group.
The value of J(α Q ) depends only on the SL(2, Z) equivalence class of Q. The modular trace function t(d) is defined as the sum of J(α Q ) over SL(2, Z)-equivalence classes weighted by a factor w Q which is the order of the stabilizer of Q in PSL(2, Z) and is 3 if Q is SL(2, Z)-equivalent to [a, a, a], 2 if Q is SL(2, Z)-equivalent to [a, 0, a] and 1 otherwise:
Theorem 1 of [19] gives A(1, 3) = t(3) = −248 which is, up to a sign, the dimension of an irreducible representation of Th.
The coefficients A(n, 3) when n > 1 is a fundamental discriminant are also given by a modular trace function that involves quadratic forms of discriminant −3n. One considers the trace twisted by a genus character χ n,−3 which assigns to a quadratic form Q of discriminant −3n the value ±1 determined by
where p is any prime represented by Q and not dividing 3n. If in addition n and 3 are coprime then
If n, d = 3 are not coprime, then according to Remark 2 following Theorem 6 of [19] the same formula holds but with χ n,−3 replaced by 0 for imprimitive forms Q which are divisible by 3 which also divides n.
Example 2.1. (from [19] ) Take n = 5, d = 3. There are two SL(2, Z)-equivalence classes of quadratic forms with discriminant −15,
and are mapped by J as
The genus characters are χ n,−3 (Q 1 ) = 1 and χ n,−3 (Q 2 ) = −1 so we have
which is also the negation of the dimension of a complex conjugate pair of irreducible representations of Th, 85995 V 9 and 85995 V 10 . In a manner that will be generalized in the next example, we suggestively write this in terms of characters of the identity conjugacy class of Th as
Alternate proofs of Zagier's results appear in [23] utilizing results on MaassPoincaré series and their generalizations due to Niebur [24] which have the benefit of providing direct formulae for the Fourier coefficients of the f d , as well as those of weakly holomorphic forms of weight λ + 1 2 for several values of λ, in terms of Kloosterman sums. In particular, Theorem 2.1 of [23] with λ = 0 and m = 3 gives an expression for the coefficients A(n, 3) with n > 0 (denoted by b 0 (−3; n) in [23] ) Kloosterman sum with multiplier ψ is given by
where the sum runs over primitive residue classes mod c, d is the inverse of d mod c, and for any integer k,
Note that the standard θ-multiplier ψ 0 is used in the definition of A(n, 3); its explicit form can be found in the previous section.
We now note an ambiguity that we will utilize later. In [19] and [23] the constant term in the Fourier expansion of the f d is chosen to be zero, and in particular A(0, 3) = 0. However adding a multiple of θ to f d does not change the modular properties or the singular terms in f d . This ambiguity is reflected in the trace formulation through the freedom to add a constant to the J-function. Since the genus character is trivial when n is a square, adding such a constant changes only the coefficients of the square powers of q and in fact corresponds precisely to adding a multiple of θ to f d . In equation (2.16) such a change corresponds to changing the coefficient of the δ ,n term.
Weakly holomorphic weight one-half modular forms at level N
We now extend the results of the previous subsection to level N. With Γ as defined earlier, we let Γ ∞ denote the subgroup of Γ consisting of upper-triangular matrices and define the width of Γ at infinity to be the smallest positive integer h for which
and I is the identity matrix. For example the width of Γ 0 (N) at infinity is easily seen to be 1. For a given multiplier system ψ, we let α be the the real number given by
The multiplier systems we will consider all have α = 0. In [26] , Cheng and Duncan exposit a method which was pioneered by Poincaré and later refined by Rademacher for constructing functions symmetric under Γ. One begins with a function of the form q µ = e(µτ ), which is Γ ∞ -invariant if hµ + α ∈ Z, and constructs a function which is invariant under the full group Γ by summing the images of q µ under the (ψ, w)-action of coset representatives of Γ ∞ in Γ:
In general, if w ≤ 2 such a series does not converge locally uniformly in τ , and one does not obtain a modular function holomorphic on the upper-half plane. Rademacher was thus led to attempt to regularize these Poincaré series by defining
serves to specify the order in which the sum is taken, 1 2 c Γ,ψ,w (µ, 0) specifies a correction to the constant term in case α = 0, and r w (γ, τ ) is a factor which regularizes the sum in the case that w < 1, see [26] for exact expressions.
Indeed, this regularized expression has been proven to extend convergence to weights w > 1. In general convergence is poorly understood when 0 ≤ w ≤ 1, but for specific cases of w = 0 and w = 1/2 relevant to Monstrous moonshine and Umbral moonshine convergence has been proven in [33] and [34] respectively. We will assume here that the particular series we deal with, all at w = 1/2, are in fact convergent; this is supported by numerical evidence and also, as we will see in the next section, by the fact that the resulting Rademacher series are easily identified with the conjectured McKay-Thompson series of Thompson moonshine.
One can derive Fourier expansions for these Rademacher sums in terms of Rademacher series with coefficients c Γ,ψ,w (µ, ν) as
where expressions for c Γ,ψ,w (µ, ν) as well as a more detailed discussion of the convergence properties of Rademacher sums can be found in [26] .
We will now specialize to the case Γ = Γ 0 (4N), w = 1/2 and µ = −3 and define a family of weakly holomorphic weight one-half forms on Γ 0 (4N) with multiplier system ψ and Fourier expansion
These agree with the forms defined in [25] when ψ = ψ 0 and N is odd and we have Z
The superscripts (1, 3) label the function f 3 whose coefficients are expressed as traces of singular moduli for SL(2, Z) = Γ 0 (1) and anticipate possible generalizations to some of the other forms treated in [19] . When Γ 0 (N) is genus zero, [25] show that the coefficients A (1,3) N,ψ 0 can be computed either in terms of coefficients of Rademacher series as given below or in terms of traces of singular moduli.
The explicit form of the Fourier coefficients is
for n = 0 and
for n > 0. These expressions agree with [26] after projection to the Kohnen plus space and generalize the result (2.16) to level N and generic multiplier system, but use a convention in which the constant term in the Fourier expansion is non-zero.
We now present the generalization from [25] of (2.12) for traces of singular moduli at level N when the multiplier system is the standard one, ψ 0 . To present their result we first define the genus character of an integral binary quadratic form Q(X, Y ) = aX 2 + bXY + cY 2 for a fundamental discriminant D 1 as 
where ω Q is the order of the stabilizer of Q in Γ 0 (N)/{±1} #1 . A method for computing representatives of the space Q d /Γ 0 (N) as well as ω Q is provided in the appendix. In terms of this trace, the coefficient of q n for n > 0 and n not a square in the expansion of Z (1, 3) N,ψ 0 in the case that Γ 0 (N) is genus zero is given by
This corrects a typographical error in the description of equation (1) in [25] .
where T N is the hauptmodul for Γ 0 (N). For n a square the coefficients can also be expressed in terms of traces of singular moduli, but the precise formula will in general involve adding a constant to the hauptmodul in the trace.
Example 2.2. Here we generalize the previous example and illustrate the relation to traces of singular moduli at higher level by taking N = 3 and using the hauptmodul
, we sum over representatives of the space Q 15 /Γ 0 (3). Again, using standard reduction theory we find that every binary quadratic form in Q 15 is equivalent to [1, 1, 4] or [2, 1, 2] under the action of SL(2, Z), and it is easily deduced that a complete set of representatives of the quotient Q 15 /Γ 0 (3) can be found in the set
The elements of R with a ≡ 0 mod 3 are Q 1 = [3, −3, 2] and Q 2 = [6, 3, 1] and these are inequivalent under the action of Γ 0 (3). These are trivially stabilized in Γ 0 (3) and have
We note that this is the negative of the character of the 3B conjugacy class in Th for both irreducible representations of dimension 85995:
A more detailed method for the computation of these coefficients is provided in Appendix A.
The previous two examples highlight a possible connection between the coefficients of Z As a simple example consider the 3B McKay-Thompson series with leading terms
where we have used the decompositions of coefficients of q m for m ≤ 12 appearing in Table 2 . The Rademacher series at level N = 3 and multiplier system ψ 0 is given by
and since the group Γ 0 (3) is genus 0 with hauptmodul T 3 we can compute traces of singular moduli and find agreement amongst the coefficients of q m with m not a square. As mentioned earlier, the coefficients of square powers of q depend on the choice of constant term in the hauptmodul in the trace formulation and this is reflected in the Rademacher series by the possibility to add terms involving theta functions without changing the modular properties. We can use this to make the identification
which suggests that F 3,3B is modular for Γ 0 (12). Computation to higher order in the q-expansion confirms this identification.
Although [25] do not prove that the trace formulation agrees with the Rademacher series coefficients for even values of N, we find nonetheless that similar computations lead to agreement between the trace formulation and Rademacher coefficients for Z
(τ ) and that these can be matched onto the 4A and 4B twists of F 3 with Fourier expansions
Note that because 4 is a square, we are free to add a multiple of θ(4τ ) to a weakly holomorphic weight one-half modular form over Γ 0 (16) or Γ 0 (32) while retaining the Kohnen plus condition on its Fourier coefficients and without altering its modular properties.
Continuing in this way, we find relations of the form
for the conjugacy classes [g] of Th labelled as 2A, 3B, 4A, 5A, 6C, 7A, 9A, 9B, 10A, 12C, 13A, and 18A in Tables 8-11 . The constants κ m,g are as specified in Table 5 .
In addition we have
(3.10)
Furthermore, we find for these cases, all of which involve o(g) such that Γ 0 (o(g)) is genus zero and whose hauptmoduls are tabulated in Table 3 , that the trace formulations and Rademacher coefficients agree for coefficients of non-square powers of q.
We mentioned earlier that the results of [25] that we have used do not strictly apply for N even. However the fact that very similar results were shown to extend to N = 2 in [29] , the fact that the results for even N when Γ 0 (N) is genus zero coincide with the McKay-Thompson series above, and the fact that the results of [25] for these values of N coincide with numerical results obtained from the computation of coefficients of Rademacher series convince us that it is very likely that the results of [25] can be extended at least to even N for which Γ 0 (N) is genus zero.
This construction involving traces of singular moduli for genus zero Γ 0 (N) and Rademacher series with multiplier ψ 0 is not sufficient to generate candidate forms for all the McKay-Thompson series of Thompson moonshine. However the expressions for the coefficients in equations (2.26), (2.27) can be modified to obtain weight one-half weakly holomorphic modular forms at level 4Nh by simply changing the multiplier system ψ used in the Kloosterman sums K ψ (−3, n, c). We will work with multiplier systems of the form
with v, h ∈ Z and h dividing 4 × 24, see [26] for a general discussion including the fact that the last factor in (3.11) is actually a character for Γ 0 (4N).
Monster class We thus assign to each element g of Th a pair (v g , h g ) depending only on the class [g] with the requirement that h g divides 2o(g) and find that we can make the identification
where the quantity on the right hand side is, modulo issues of convergence, a weakly holomorphic weight one-half modular form on Γ 0 (4o(g)h g ). The pairs (v g , h g ) specifying the multiplier systems as well as the κ m,g may be found in Table 5 .
Given this identification of the McKay-Thompson series we can solve for the multiplicities b 14) and such that the weight one-half weakly holomorphic modular forms F 3,[g] described above and in Table 6 are related to W via graded supertrace functions via 
A discriminant property for Thompson moonshine
We now describe a discriminant property of the moonshine connection between the Thompson group and F 3 . We start with a quick review of the discriminant property of Umbral moonshine, concentrating for simplicity on the cases where the Niemeier lattice X is of pure A-type, X = A 
with L (ℓ) the Niemeier lattice with root system A r of H (ℓ) has a Fourier expansion of the form there exists an integer λ that is co-prime to n such that D = −nλ 2 is a discriminant of H (ℓ) , then there exists at least one pair of irreducible representations ̺ and ̺ * of G (ℓ) and at least one element g ∈ G (ℓ) such that tr ̺ (g) is not rational but
and n divides o(g).
A representation ρ of G (ℓ) is said to be of type n if n is an integer satisfying the two conditions of Proposition 4.1 and the character values of ρ generate Q[ √ −n]. A connection between discriminants of H (ℓ) and representations of type n is then described by In the above a G-module V is a doublet if it is isomorphic to the direct sum of two copies of a single representation of G.
For ℓ = 2 these conjectures are proved in [27] . Further details of the discriminant structure and the extension to general Niemeier root systems X can be found in [4, 5] .
We now describe an analogous structure in Thompson moonshine. We first note that it follows from the results of [19] , summarized in section 2, that the coefficient c(m) of q m in F 3 can be computed in terms of traces of singular moduli which are determined by the root of a quadratic form of discriminant −3m (i.e. a Heegner point of discriminant −3m). We will say that −3m is a discriminant of We now state a proposition relating the discriminants of F 3 to properties of the characters of Th. Table 4 .
There is also a connection between the discriminants of F 3 and the fields over which the representations W m attached to the coefficient of q m in F 3 are defined which we state as Evidence for this conjecture can be seen from an inspection of the multiplicities of representations appearing in Tables 12 and 13 .
Finally we have a conjecture that is similar in nature to conjecture 5.12 of [4] regarding the presence of decompositions with odd multiplicities of representations of type D 0 (M). 
A Computing traces of singular moduli
We present methods for computing representatives for the quotient space Q d /Γ 0 (N) as well as a generalized reduction theory of integral binary quadratic forms, which is similar to the one found in [32] . Our algorithms rely on knowledge of Q d /SL(2, Z) from reduction theory and the structure of Γ 0 (N)\SL(2, Z).
The basic idea is this. Let X be a well-ordered set on which a group G acts from the left with finitely many orbits and H be a subgroup of G with finite index. We assume that the stabilizer of any element in X is finite. Then once one fixes a set of orbit and right coset representatives, (X/G) rep and (H\G) rep , the finite set
contains a complete set of representatives for the space X/H. However, the existence of non-trivial stabilizers associated to the group action of G implies that there may be two elements in R which are equivalent under H. To this end, we will prescribe a method for testing whether or not two elements are equivalent under the action of H and filter elements out of R until we have a true set of representatives for the quotient X/G.
Eventually, we will apply this to X = Q d , G = SL(2, Z), and H = Γ 0 (N), and to this end, we state some facts from computational group theory. These results also hold for right actions and left coset representatives.
A.1 Reducing to fundamental domain of subgroup

Fix a fundamental domain (X/G)
rep and a set of right coset representatives (H\G) rep . Define the reduction function
which computes the unique representative of x in (X/G) rep as well as some group element which connects them, g x · x = x G . Note in general that g x is not unique. If x G is stabilized by {s 1 , . . . , s m }, then the reduction function could have returned s i g x for i = 1, . . . , m as the group element connecting x to x G . In fact, one can see that these are the only group elements connecting x to its reduction x G . We thus give an algorithm for computing R H in terms of R G which copes with the existence of non-trivial stabilizers.
Let (x G , g x ) = R G (x) and Stab G (x G ) = {s 1 , . . . , s m }. Then for each k = 1, . . . , m, it is easy to see that there is a unique coset representative g k ∈ (H\G) rep for which
We can use the ordering on X to define h = g k s k g x using the k which minimizes (g k s k g x ) · x. Then we let
This definition of R H ensures that every pair of elements x and y in X which are equivalent under the action of H are mapped onto the same reduced element, by perscribing a canonical way to choose amongst the m different group elements s k g x which connect x to x G .
Example A.1. Let X = Q 3 with lexicographic order, defined as
Further let G the full modular group SL(2, Z), and H the congruence subgroup Γ 0 (2).
We would like to compute
From reduction theory, we get that
We can choose left coset representatives
and note that
(A.7) Then, the matrices MS 1 M 2 , MS 2 M 3 , and MS 3 M 1 all lie in Γ 0 (2). Acting with these matrices from the right on Q gives the binary quadratic forms
2 + 3XY + Y 2 , and X 2 + XY + Y 2 respectively. The least of these lexicographically is the first, and so we have that
A.2 Representatives for quotient by a subgroup
It is easy to see that once we have a true "reduction algorithm" we can easily test whether or not two elements are equivalent under the action of the group.
Claim A.1. For two elements x and y of X, let (x h , g x ) = R H (x) and (y h , g y ) = R H (y). These are equivalent under the action of H if and only if x h = y h .
Remark A.1. This claim also allows us to implicitly define a fundamental domain of X under the group action of H as (π 1 • R H )(X) where π 1 : X × G → X denotes the projection onto the first factor.
Now that we are able to test equivalence, we can carry out the procedure suggested at the beginning of this section.
Example A.2. We would like to compute the space Q 4 /Γ 0 (3). From reduction theory we know that every form with discriminant −4 is equivalent under the action of the full modular group to X 2 + Y 2 . Acting on this form with the coset representatives of Γ 0 (3)\SL(2, Z), we get that a full set of representatives of Q 4 /Γ 0 (3) must be contained in
However, we find that
, and so we have that
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